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L agrangian and Hamiltonian M echanics

Question 1 (2005 paper.) Consider a one-dimensional system which consists
of three particles of masses;, m,, andms, with coordinatesr;, =, andx;
(x1 < 2y < x3), interacting with one another through gravity.
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(a) Using the one-dimensional version of Newton’s Law of\ya determine
the forceskFiy, Foi, Fis, Fs1, Fhs, Fio, WhereF;; is the force exerted by the
j-th particle on the-th particle.

(b) Using the relationship between the potential enéfgf the system and the
corresponding forces, show that the above expressionsspmnd to
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(c) Write down the expression for the Hamiltoniahof the system.
(d) Write down the Hamiltonian equations for this system.

(e) Write down the expression for the momentéhof this system.
() Show thatP is an integral of motion (conserved quantity).

(g) Write down the expression for the Lagrangiarof the system and derive
the Lagrangian form of the governing equations.

Question 2 (2006 paper.) Consider a one-dimensional system which consists
of three particles of masses;, my, andmg, with coordinatesr;, z,, andz;
(x1 < 25 < x3) connected by two identical springs of modujuand free length
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(a) Write down the expression for the Hamiltoni&nof this system.
(b) Write down the Hamiltonian equations for this system.
(c) Write down the expression for the momentiéhof this system.

(d) Prove thatP is conserved.
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(e) Write down the expression for the Lagrangiamf the system and derive
the Lagrangian form of the governing equations.

Question 3 (2007 paper.) Consider a one-dimensional system which consists
of two particles of masses:; and m,, with coordinatesr; and z, (z1 < z3)
connected by a spring of modulpsand free lengthL:
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Write down the expression for the Lagrangian of the systemd,damive the La-
grangian form of the governing equations.

Question 4 (2008 paper.) Consider a one-dimensional system which consists
of two particles of masses:; andm.,, with coordinatesr; andz,y (27 < x2)
interacting through gravity. Write down the expression fa Lagrangian of the
system, and derive the Lagrangian form of the governing teopuza

Question 5 (2009 paper.) Two identical particles of mass are attached to
three identical springs (moduldsand unperturbed length) as shown of figure.
The top and bottom springs are attached to fixed supportsdiBtence between
the fixed supports is denoted by
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We denote by; andp; = m;; the position and momentum of particlé = 1,2),
respectively.

(a) Write down the expression for the total enefd@\of the system of this sys-
tem in terms ofr; andp; (i = 1,2). Note that the potential energy is equal
to the sum of the gravitational potential energy of the twdipkes and of
the potential energy of the 3 springs.

(b) Write down the 4 Hamiltonian equations of this system.
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