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Microsoft Hiring Question You are in a boat in the exact centre of a perfectly circular
lake. There is a goblin on the shore of the lake. The goblintsvemdo bad things to you.
The goblin can’t swim and doesn’t have a boat. Provided younsake it to the shore—and
the goblin isn’'t there, waiting to grab you—you can alwayton him on land and get away.
The problem is this: The goblin can run four times as fast asntaximum speed of your
boat. He has perfect eyesight, never sleeps and is extréogigtyal. He will do everything in

his power to catch you. How would you escape the goblin?
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If the radius of the pond is. If
Goblin the goblin is on top of the oppo-
site side of the pond to the boat the
boat can escape if it is a distance
TQ or greater.4(r —ry) = mr =

ry = 4%r &~ 0.22r. The boat can

Pond _ o
circle faster than the goblin within a

circle ofry. drg =r = 1ry = 1_117«
Therefore you should circle the boat betweeandr, until goblin and boat are diametrically

opposed. At that point it is safe to head towards the edgeegbdint.

1 Uniform Circular Motion

A particle undergoing uniform circular motion has Cartesianrdinates
x = Rcos (wt + 6p) y = Rsin (wt + 6y) ,

and polar coordinates
r=~R 0 = wt + 90

Angular Velocity Angular velocity, usually denoted is the rate of change of the angular

coordinatef.
do B

W

Angular Frequency Angular frequency is the inverse of the time for a single hetion.

Speed the magnitude of the particle’s (linear) velocity.
If it takes a particlél’ seconds to make a complete revolution round a circle of sadiu
e Theangular frequency is 7!

e In 7" the particle travels distance of 27 R, therefore its speed &t R /T
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e There arer radians in a complete revolution so the particle moves tjinan angle of

1 radian inT"/2r. Its angular velocity isv = 1/ (7'/27) = 2x/T

e Angular velocityw, and speedy, are related by = rw.

\
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|

Worked example Which is greater, the velocity of the the Earth’s rotation (at the equator)
or the velocity of the Earth’s orbit?

The Earth, which has radiug = 6.4 x 10 m, completes one rotation in 23 hours 56 minutes

and 4 seconds i.6yay = 8.62 x 10*s.

1
Toay 862 x 10

. o 2
angular velocity= T 862 x 102
day :

angular frequency- 7 = 1.16 x 107° Hz

=729 x%x 10 °rads!

linear velocity= radiusx angular velocity

= (6.4 x10% x (729 x 107°) = 467ms"

The Earth isRes = 1 AU = 1.5 x 10*' m away from the Sun (on average). It completes an

orbitin 1 yeari.ely = 3.16 x 107 s,

1 1
angular frequencys — = ———— =3.17 x 107 ®Hz
g e T = 316 % 107 8
. 2 2
angular velocity= & = — " _ 199 x 10"*rads™

T,  3.16 x 107

linear velocity= radiusx angular velocity

= (1.5 x 10") x (1.99 x 107%) =2.98 x 10" ms™!

Conclusion: The velocity due to the Earth’s orbit is greater.
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2 Circular motion and Vectors

A small angledd may be represented by an vector of magnittiél@nd direction normal to
the plane of rotationd@. (A large angle cannot be represented by a vector. Why not?)
Since

0
YN0t dt

only involves a small angléd = 6(t + 6t) — 6(t), we can convert the above into a vector

equation.
_
Codt

w

We can now write a vector equation for the velocity
V=wXT

Remember that will be changing with time, so the equation could be written a

dr—wXI'
dt

3 Circular motion and complex numbers

Circular motion on a plane can be modelled by takingndy to be the real and imaginary

parts of the complex number

z = Re'@tt),
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It is easy to see that this corresponds to the Cartesian farfoutircular motion

x =Rz = Rcos(wt + )

y =Sz = Rsin (wt + 6p)

3.1 Moddlingthe solar system

On interesting case where objects move in (more or lesg)lairorbits on a plane is the orbits

of the planets of the solar system (now Pluto has been deinoted

The clever part is that move the origin to another planet gagth) and see the motions of the
other planets relative to that planet all | have to do is sudvtthe complex number describing

the Earth’s orbit from the complex number describing theets orbit.

TheDresden Codex The Dresden codex was left by the Mayan people of central Asaer
The key to deciphering it was the number 584.

4 Uniform Circular Motion and Acceleration

If we take another look at the vector formula relating vetpeind angular velocity
V=wXT

we see that we can differentiate it to get an acceleration
dv. d(w)xr

dt dt

For uniform circular motionw is a constant, but is constantly changin% =V.
a=wXYV

The acceleration is orthogonal to both the velocity and tiguiar velocity: therefore it must
be parallel to the radius (but directed inwards). The magieitof the acceleration can be

written as
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We can see this geometrically.

alt

v(t+at)\ [v(t)

wot

aot = v(t+ ot) — v(t)

wherea is directed in the inwards radial direction. The magnitutithe acceleration is

Alternatively and rather neatly, we can calculate the aegibn from the complex number
formula. If the components af are the real and imaginary parts of the complex number

2 = Re™!, then the velocity is given by

2 = iwRe™ = jwz

The factor of: tells us the velocity;, is at90° to the radiusz. The magnitude of the velocity
is given by|Z| = Rw.

The acceleration is given by
i = —w?Re™"
i.e. the magnitude of the acceleratiorjis= Rw? and it is directed in the opposite direction

to the radius;.

We will return to acceleration of uniform circular motion efmwe have learned about New-

ton’s laws of motion and gravitation.
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5 Angular Acceleration

If the angular frequency is changing at a constant ratethen:

“o_do [
a2 dt
de*w* at +w
at 0
0 = %OﬁtQ‘i‘th‘i‘oO

where, at = 0, the angle i9,, and the angular velocity is.

Worked Example Tidal friction in the Earth-Moon system transfers angulaymentum
from the Earth to the Moon: the length of the day on Earth isdasing by 2.4 milliseconds
per century and the Moon is moving away from the Earth at aoh88.14 millimetres per

year. What is the angular acceleration of the Earth?
Calculate two ways

dw
o= ——
dt
_d /27
At \ T
_ 2mdT
T2 dt
whereT is the time of one daf’ = 8.64 x 10*s andl = 7.61 x 10~1*
2
a=——"  x761x108=—64x102rads>
(8.64 x 10%)
Alternatively
7-2"
w
dr 2m
—_— = ——
dt w?
B w? dT
2m dt

From a previous example = 7.29 x 10 °rads™!

—5\2
a= (729 >2< 107) 7.61 x 107" = —6.44 x 10"**rads?
m
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